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Abstract. Giv en applications suc h as lo cation based services and the

spatio-temp oral queries they ma y p ose on a spatial net w ork (e.g., road

net w orks), the goal is to dev elop a simple and expressiv e mo del that hon-

ors the time dep endence of the road net w ork. The mo del m ust supp ort

the design of e�cien t algorithms for computing the frequen t queries on

the net w ork. This problem is c hallenging due to p oten tially con
icting re-

quiremen ts of mo del simplicit y and supp ort for e�cien t algorithms. Time

expanded net w orks, whic h ha v e b een used to mo del dynamic net w orks

emplo y replication of the net w orks across time instan ts, resulting in high

storage o v erhead and algorithms that are computationally exp ensiv e. In

con trast, the prop osed time-aggregated graphs do not replicate no des and

edges across time; rather they allo w the prop erties of edges and no des to

b e mo deled as a time series. Since the mo del do es not replicate the en tire

graph for ev ery instan t of time, it uses less memory and the algorithms

for common op erations are computationally more e�cien t than for time

expanded net w orks. One imp ortan t query on spatio-temp oral net w orks

is the computation of shortest paths. Shortest paths can b e computed

either for a giv en start time or to �nd the start time and the path that

lead to least tra v el time journeys (b est start time journeys). Dev eloping

e�cien t algorithms for computing shortest paths in a time v arian t spa-

tial net w ork is c hallenging b ecause these journeys do not alw a ys displa y

optimal pre�x prop ert y , making tec hniques lik e dynamic programming

inapplicable. In this pap er, w e prop ose algorithms for shortest path com-

putation for a �xed start time. W e presen t the analytical cost mo del for

the algorithm and compare with the p erformance of existing algorithms.

Keyw ords: time-aggregated graphs, shortest paths, spatio-temp oral data-

bases, lo cation based services
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1 In tro duction

The gro wing imp ortance of application domains suc h as transp ortation net w orks,

emergency planning and lo cation based services highligh ts the need for e�cien t

mo deling of spatio-temp oral net w orks (e.g. road net w orks) that tak es in to ac-

coun t c hanges to the net w ork o v er time. The mo del should pro vide the necessary

framew ork for dev eloping e�cien t algorithms that implemen t the frequen t op er-

ations p osed on suc h net w orks. F requen t queries on suc h net w orks migh t include

�nding the shortest route from one place to another or a searc h for the nearest

neigh b or. The shortest route w ould dep end on the time dep enden t prop erties of

the net w ork suc h as congestion on certain road segmen ts, whic h w ould increase

the tra v el time on that segmen t. The result of a nearest neigh b or searc h could

also b e time sensitiv e if it is based on a road net w ork.

Mo deling suc h a net w ork p oses man y c hallenges. Not only should the mo del

b e able to accommo date c hanges and compute the results consisten t with the

existing conditions, it should do so accurately and simply . In addition, the need to

answ er frequen t queries quic kly means fast algorithms are required for computing

the query results. The mo del should th us pro vide su�cien t supp ort for the design

of correct and e�cien t algorithms for frequen t computations.

Related w ork in the �eld of databases fall in to three broad categories (1)spa-

tial net w ork databases, (2) graph Databases, and (3) spatio-temp oral databases.

The recen t release of Oracle (v ersion 10g) includes a net w ork data mo del to

store and main tain the connectivit y of link-no de net w orks and supp orts basic

features suc h as shortest path computation [15]. The Net w ork Analyst exten-

sion of ArcMap from ESRI supp orts a net w ork geo database and pro vides basic

algorithms (e.g., shortest path, service area, closest facilit y , etc.) [7]. Ho w ev er,

these pro ducts do not address the time v ariance of spatial net w orks, whic h is

crucial in applications suc h as route computations and emergency planning. Al-

though the need for liv e tra�c information is increasing, there has b een little

w ork on the mo deling and algorithms for spatio-temp oral net w ork databases.

Choro c hronos [13], studied v arious asp ects of spatio-temp oral databases includ-

ing on tology , mo deling, and implemen tation. Ho w ev er, researc hers ha v e y et to

study spatio-temp oral net w orks in this framew ork.

Graph databases [5{7, 19, 23, 24] also primarily deal with spatial net w orks

that do not v ary with time. Researc h in graph databases that accoun ts for tem-

p oral v ariations p erform computations o v er a snapshot of the net w ork [4, 10,

18], and do not consider the in terpla y b et w een the edge tra v el times and the

existence of edges. Ding [4] prop osed a mo del that addresses time-dep endency

b y asso ciating a temp oral attribute to ev ery edge and no de of the net w ork so

that its state at an y instan t of time can b e retriev ed. This mo del p erforms path

computations o v er a snapshot of the net w ork. Since the net w ork can c hange o v er

the time tak en to tra v erse these paths, this computation migh t not giv e realistic

solutions. It do es not prop ose an algorithm for the least tra v el time paths.

Researc h in Op erations Researc h is based on the time expanded net w ork [11,

12, 14, 16, 17, 21]. This mo del duplicates the original net w ork for eac h discrete

time unit t = 0 ; 1 ; : : : ; T where T represen ts the exten t of the time horizon. The



expanded net w ork has edges connecting a no de and its cop y at the next instan t

in addition to the edges in the original net w ork, replicated for ev ery time instan t.

The approac h signi�can tly increases the net w ork size and is v ery exp ensiv e with

resp ect to memory . Because of the increased problem size due to replication of

the net w ork, the computations also b ecome quite exp ensiv e.

As the �rst step to w ards the study of spatio-temp oral net w ork databases, w e

prop osed a spatio-temp oral net w ork mo del named time aggregated graph [8].

The prop osed mo del, a time-aggregated graph, mo dels the c hanges in a spatio-

temp oral net w ork b y collecting the no de/edge attributes in to a set of time series.

The mo del can also accoun t for the c hanges in the top ology of the net w ork. The

edges and no des can disapp ear from the net w ork during certain instan ts of time

and new no des and edges can b e added. The time-aggregated graph k eeps trac k

of these c hanges through a time series attac hed to eac h no de and edge that

indicates their presence at v arious instan ts of time. Our analysis sho ws that this

mo del is less memory exp ensiv e and leads to algorithms that are computationally

more e�cien t than those for the time expanded net w orks. Here, w e build on this

w ork b y presen ting a case study of this mo del using a routing algorithm (SP-

T A G) that computes the shortest path in the giv en net w ork for a giv en start

time.

1.1 An Illustrativ e Application Domain

An imp ortan t application domain for spatio-temp oral net w ork databases is trans-

p ortation science [9], a m ulti-disciplinary �eld that requires exp ertise from dif-

feren t domains. The di�cult y , but also fascination, of this professional practice

deriv es from the in trinsic complexit y of transp ortation systems, whic h ha v e b oth

ph ysical and b eha vioral elemen ts.The ph ysical elemen ts in the systems (e.g., v e-

hicles, infrastructure, etc.) are go v erned b y the la ws of ph ysics. On the other

hand, the mec hanisms underlying the functionalit y and p erformance of these

ph ysical elemen ts are often connected to tra v elers' b eha vioral c hoices. T radition-

ally the cen ter of b eha vioral c hoice mo deling [22] has b een user equilibrium [25],

the idea that all tra v elers use the least incon v enien t routes and no individual can

unilaterally impro v e his/her tra v el. A k ey assumption of user user equilibrium

is that tra v elers ha v e p erfect information ab out road conditions, and indeed

this is generally true for comm uters, who learn recurren t congestion patterns

from their da y-to-da y tra v els. Ho w ev er, the assumption do es not hold when the

congestion is non-recurren t, in particular, when an extreme ev en t o ccurs, and

transp ortation net w ork conditions b ecome dynamic and uncertain. Th us one of

the greatest c hallenges in transp ortation science is ho w to manage tra�c in time-

v arying transp ortation net w orks, esp ecially in disaster situations. This c hallenge

cannot b e met without the dev elopmen t of spatio-temp oral databases. Curren tly ,

transp ortation managemen t generates tremendous v olumes of data and a large

seman tic gap exists b et w een transp ortation science concepts and the concepts

supp orted b y curren t database systems. Emergency tra�c managemen t requires

researc h in computer science to dev elop appropriate spatio-temp oral database

represen tations and query pro cessing algorithms to mak e decisions in a timely



manner. P opular mo dels of emergency tra�c use time-v arian t 
o w-net w ork [1]

op erations lik e min-cut and max-
o w [2]. The queries t ypically encoun tered in

emergency tra�c managemen t w ould in v olv e time-v arian t prop erties, as illus-

trated b y T able 1.

In addition to emergency managemen t, man y imp ortan t applications, including

T able 1. Example Queries with Time-v ariance and Flo w Net w orks

Static Time-V arian t

Graph Whic h is the shortest tra v el Whic h is the shortest tra v el

(No capacit y time path from Minneap olis time path from Minneap olis

constrain ts) do wn to wn to airp ort? do wn to wn to airp ort

at di�eren t times

of a w ork da y?

Flo w Net w ork What is the capacit y of Twin- What is the capacit y of Twin-

Cities freew a y net w ork to Cities freew a y net w ork to

ev acuate Minneap olis do wn to wn? ev acuate Minneap olis do wn to wn

at di�eren t times in a

w ork da y?

tra v elers' trip planning, and consumer business logistics need to b e built up on

spatio-temp oral net w ork databases. Comm uters often try to �nd a suitable time

to start their comm ute so that they sp end the least time in the tra�c. There are

man y factors a�ecting the start time and the shortest route suc h as congestion

lev els, inciden t lo cation, and construction zone. This is illustrated b y the simple

time-v arian t net w ork sho wn in Figure 1. It can b e seen that the tra v el time from

no de N1 to no de N2 c hanges with the start time. If the tra v el starts at t = 1,

the comm ute time w ould b e 6 units; tra v el on the same route w ould tak e 4 units

if the start time is mo v ed to t = 3. This sho ws that the shortest paths in a

time-dep enden t net w ork v ary with time whic h adds a new dimension to shortest

path computation whic h cannot b e ignored. Figure 2 illustrates tra�c sensor

N1 N3N2

N1 N3N2 N1 N3N2

N1 N3 N1 N3

N1 N3

1 2 2

2 2 2

2

2 2

N2 N2

N2

t=1 t=3

t=4 t=5 t=6

t=2

Node

Edge

Legend

Travel time

Fig. 1. Net w ork at v arious instan ts

net w orks on urban high w a ys whic h measure congestion lev els at t w o di�eren t

times (e.g. 5:07pm and 9:37pm). With the increasing use of sensor net w orks

that monitor tra�c data on spatial net w orks and the consequen t a v ailabilit y



of time-v arying tra�c data, it b ecomes imp ortan t to incorp orate this data in to

the mo dels and algorithms related to transp ortation net w orks. Ho w ev er, existing

spatio-temp oral databases do not pro vide adequate supp ort for spatio-temp oral

net w orks.

The problem of time v arian t net w orks �nds similar applications in business op-

Fig. 2. Sensor net w orks p erio dically rep ort time-v arian t tra�c v olumes on Twin

Cities high w a ys (Best view ed in color, Source: Mn/DOT)

erations suc h as freigh t deliv ery services, one of whose main concerns is to reduce

logistic costs suc h as fuel consumption, whic h is in
uenced b y road congestion

lev els that v ary o v er time.

1.2 Broad Computer Science Challenges

A time-v arian t graph is a graph whose edge and no de prop erties and top ological

structure are time dep enden t. F or example, tra�c v olume on urban high w a ys

v aries o v er the time of da y whic h leads to v ariation in tra v el time. In addition to

net w ork parameter v alues, the net w ork top ology can also c hange with time due

to the una v ailabilit y of certain road segmen ts during some p erio ds of time due

to repair or natural calamities. There are also b e cases where the road segmen ts

are una v ailable p erio dically due to tra�c managemen t strategies suc h as using

all lanes of a street in the same direction to handle p eak time congestion. Con-

v en tional graph algorithms cannot easily b e applied to the snapshots at discrete

time instan ts to ev aluate frequen t queries without accoun ting for relationships

among snapshots.

Time-v arian t graphs raise man y c hallenges for database researc h. Due to

their p oten tially large and ev ergro wing sizes, a storage-e�cien t represen tation

is critical to reduce and p ossibly eliminate redundan t information across di�er-

en t time-p oin ts. Second, new data mo del concepts need to b e in v estigated to



represen t and classify p oten tially new alternativ e seman tics for common graph

op erations suc h as shortest-path and connectivit y . F or example, a shortest path

b et w een a giv en pair of no des ma y ha v e at least t w o in terpretations, one for a

giv en start time-p oin t and the other for the shortest tra v el-time for an y start

time in a giv en time in terv al. A third c hallenge is the design of e�cien t and

correct query pro cessing strategies and algorithms since some of the commonly

assumed graph-prop erties ma y not hold for spatio-temp oral graphs. F or example,

consider the optimal pre�x prop ert y (a requiremen t for the greedy approac hes

[2]) for shortest paths in a graph. While eac h pre�x path (path from a source

no de to an in termediate no de in an optimal path) is optimal in a static graph, it

ma y not b e optimal in a spatio-temp oral graph due to the p oten tial w ait at the

in termediate no de. In the net w ork sho wn in Figure 1, the b est time to start a

journey from no de N1 to no de N3 is t = 4, whic h tak es 4 time units. The optimal

path from N1 to N3 that starts at t = 4 is not optimal for the in termediate no de

N2. The b est start time for a path from N1 to N2 is t = 1, whic h pro v es to b e

sub-optimal for a journey from N1 to N3. The lac k of optimal pre�x prop ert y in

b est start time shortest paths rules out the p ossibilit y of using a greedy strategy

in algorithm design.

Our Con tributions: Our approac h to spatio-temp oral databases has the fol-

lo wing comp onen ts:

Gr aph A ggr e gation: The temp oral v ariation in the top ology and parameter v alues

can b e represen ted using aggregates as edge/no de attributes in the graph used

to represen t the spatial net w ork. The edges and no des can disapp ear from the

net w ork during certain instan ts of time and new no des and edges can b e added.

The time-aggregated graph k eeps trac k of these c hanges through a time series

attac hed to eac h no de and edge that indicates their presence at v arious instan ts

of time.

Query L anguage: A query language needs to represen t common queries.A k ey

c hallenge is to de�ne a complete set of logical op erators for the time-aggregated

graph.

Query Pr o c essing: The time aggregated graph with the prop osed query op-

erators will b e used to pro cess queries p ertaining to the domain applications.

A frequen t query that arises in spatio-temp oral net w orks is the shortest path

computation. The algorithm needs to consider the a v ailabilit y of the required

edges and no des at the appropriate time instan ts. If the shortest route and the

shortest route tra v el time are time-dep enden t, shortest path computation can

b e p erformed for a giv en start or it can �nd the least tra v el time path o v er the

en tire time p erio d of in terest.

In this pap er w e describ e a mo del for spatio-temp oral net w orks called the

time aggregated graph based on graph aggregation.. The time-aggregated graph

k eeps trac k of the time-dep endence of a graph through a time series attac hed to

eac h no de and edge that indicates their presence at v arious instan ts of time. W e

sho w that this mo del has less storage requiremen ts than time expanded net w orks

since it do es not rely on replication of the en tire net w ork across time instan ts.

W e de�ne a set of logical op erators based on the time aggregated graph. W e also



prop ose an algorithm for computing the shortest route from one no de to another

based on this mo del.

1.3 Scop e and Outline of the P ap er

The pap er presen ts a mo del for spatio-temp oral net w orks called time aggregated

graphs.

The rest of the pap er is organized as follo ws. Section 2 discusses the basic

concepts of the prop osed mo del. This section pro vides an explanation of the

mo del based on graph aggregation and the logical data mo del. It also explores

design c hoices for the ph ysical represen tation of the mo del and pro vides a com-

parison of the c hoices in the con text of v arious logical op erations. Section 3

prop oses an algorithm for the shortest path computation based on this mo del.

It also prop oses the cost mo del for this algorithm. In section 4, w e conclude and

describ e the direction of future w ork.

2 Basic Concepts

Spatial net w orks that sho w time-dep endence serv e as the underlying net w orks

for most lo cation based services. T raditionally graphs ha v e b een extensiv ely used

to mo del spatial net w orks (e.g. road net w orks) [19]; w eigh ts assigned to no des

and edges are used to enco de additional information. In a real w orld scenario,

it is not uncommon for these net w ork parameters to b e time-dep enden t. F or-

m ulation of computationally e�cien t and correct algorithms for the shortest

path computation that tak es in to accoun t the dynamic nature of the net w orks

is imp ortan t. Mo dels of these net w orks need to capture the p ossible c hanges in

top ology and v alues of net w ork parameters with time and pro vide the basis for

the form ulation of computationally e�cien t and correct algorithms for the fre-

quen t computations lik e shortest paths. Giv en the set of frequen t queries p osed

b y an application on a spatial net w ork and the patterns of v ariations of the

spatial net w ork with time, w e need to �nd a mo del that supp orts e�cien t and

correct algorithms for computating the query results, while trying to minimize

the storage and cost of computation. In this section w e discuss the basics of

the mo del used to represen t spatial net w orks called "time aggregated net w orks"

[8]. The algorithm presen ted in this pap er is form ulated based on this mo del.

Time aggregated graphs can not only capture the time-dep endence of net w ork

parameters, but also accoun t for the p ossibilit y of edges and no des b eing absen t

during certain instan ts of time.

2.1 The Conceptual Mo del

A graph G = ( N ; E ) consists of a �nite set of no des N and edges E b et w een

the no des in N . If the pair of no des that determine the edge is ordered, the

graph is directed; if it is not, the graph is undirected. In most cases, additional

information is attac hed to the no des and the edges. In this section, w e discuss



ho w the time dep endence of these edge/no de parameters are handled in the

prop osed mo del, the time-aggregated graph.

W e de�ne the time-aggregated graph as follo ws.

[4]
N4N3

N2N1

[2]

[1]

[2]

N4N3

N2N1

[2]

[1]

[2]

[1]
N4N3

N2

[3]

Edge

(Travel time series) [Edge Time Series]

(1, 8 ,4) [1,3]

[1,2,3][1,2,3]
(2,2,2)

[1,2])

8(1,1,

N4N3

N2N1

(c) t=3(b) t=2

[2]

N1

Node

(a) t=1

(a) Snapshots of a Network at time instants 1, 2, and 3

Legend

(d) Time Aggregrated Graph

(2,2,3)

Fig. 3. Net w ork A t V arious Time Instan ts and the Time Aggregated Graph
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N is the set of no des,

E is the set of edges,

T F is the length of the en tire time in terv al,

f

1

: : : f
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are the mappings from no des to the time-series asso ciated with the

no des,

g

1

: : : g

l

are mappings from edges to the time series asso ciated with the edges,

and

w

1

: : : w

p

indicate the time dep enden t w eigh ts (eg. tra v el times) on the edges.

Eac h edge has an attribute, called an edge time series that represen ts the time

instan ts for whic h the edge is presen t. This enables the time aggregated graph

to mo del the top ological c hanges of the net w ork with time. W e assume that eac h

edge tra v el time has a p ositiv e minim um and the presence of an edge at time

instan t t is v alid for the closed in terv al [ t; t + � ].

Figure 3(a,b,c) sho ws a net w ork at three time instan ts. The net w ork top ology

and parameters c hange o v er time. F or example, edge N3-N4 is presen t at time

instan ts t = 1 ; 3, and disapp ears at t = 2 and its w eigh t c hanges from 1 at t = 1

to 4 at t = 3. The time aggregated graph that represen ts this dynamic net w ork is

sho wn in Figure 3(d). In this �gure, edge N3-N4 has t w o attributes, b oth b eing



a series. The attribute (1 ; 3) represen ts the time instan ts at whic h the edge is

presen t and [1 ; 1 ; 4] is the w eigh t time series, indicating the w eigh ts at v arious

instan ts of time. Figure 4(a) sho ws the time aggregated graph (corresp onding

N3

N4 N4

N3

N2

N1 N1

N2N2 N2 N2 N2

N3

N4

N2

(a) Time Expanded Graph

N1

N3

t=6 t=7

N1 N2

N3 N4
1,

1,1,

2,2,2

8
8 ,4

(b) Time-aggregated Graph

2,2,3

t=5

N3 N3N3

N1 N1 N1 N1

N4 N4 N4 N4

 t=1 t=2 t=3 t=4

Fig. 4. Time-aggregated Graph vs. Time Expanded Graph

to Figure 3(a),(b),(c)) and the time expanded graph that represen t the same

scenario. Edge w eigh ts in a time expanded graph are not explicitly sho wn as

edge attributes; instead they are represen ted b y edges that connect the copies

of the no des at v arious time instan ts. F or example, the w eigh t 1 of edge N1-N2

at t = 1 is represen ted b y connecting the cop y of no de N1 at t = 1 to the cop y

of no de N2 at time t = 2. The time expansion for the example net w ork needs

to go through 7 steps since the latest time instan t w ould end in the net w ork is

at t = 7. F or example, the tra v ersal of edge N3-N4 that starts at t = 3 ends at

t = 7, the tra v el time of the edge b eing 4 units. The n um b er of no des is larger b y

a factor of T , where T is the n um b er of time instan ts and the n um b er of edges

is also larger in n um b er compared to the time-aggregated graph. If the v alue of

T is v ery large in a spatial net w ork, it w ould result in enormously large time

expanded net w orks and consequen tly slo w computations.

2.2 A Logical Data Mo del

Basic Graph Op erations

W e extend the logical data mo del describ ed in [19] to incorp orate the time de-

p endence of the graph mo del. The framew ork of the mo del consists of t w o dimen-

sions (1) graph elemen ts, namely no de, edge, route and graph and (2) op erator

categories that consist of accessors, mo di�ers and predicates. A represen tativ e

set of op erators for eac h op erator category is pro vided in T ables 2, 3 and 4.

T able 2 lists a represen tativ e set of `access' op erators. F or example, the op erator

getEdge(no de1,no de2,time) returns the edge prop erties of the edge from no de

node 1 to no de node 2, suc h as the edge iden ti�er (if an y) and asso ciated param-

eters at the sp eci�ed time instan t. F or example op erator getEdge(N1,N2,1) on



T able 2. Examples of Op erators in the Accessor Category

at time at all time at earliest

No de get(no de,time) get no de(no de) get no de earliest Presence

(no de,time)

Edge getEdge(no de1,no de2,time) get edge(no de1,no de2) get edge earliest Presence

(no de1,no de2,time)

Route getRoute(no de1,no de2,time) get route(no de1,no de2) get route earliest Presence

(no de1,no de2,time)

Graph get Graph(time) get Graph() |

the time-aggregated graph sho wn in Figure 3 w ould return the tra v el time of the

edge N1-N2 at t = 1, that is 1. Similarly , get e dge(no de1,no de2) returns the edge

prop erties for the en tire time in terv al. In Figure 3, the op erator get e dge(N1,N2)

w ould result in (1 ; 1 ; 1 ). get e dge e arliest(N3,N4,2) returns the earliest time in-

stan t at whic h the edge N3-N4 is presen t after t = 2 (that is t = 3). T able 3

T able 3. Examples of Op erators in the Mo di�er Catefory

insert delete mo dify

at time at all time at time at all time at time at all time

No de insert(no de, insert(no de, delete(no de, delete(no de) up date(no de, up date(no de,

time,v alue) v alueseries) time) delete(no de) time,v alue) v alueseries)

Edge insert(no de1, insert(no de1, delete(no de1, delete(no de1, up date(no de1, up date(edge,

no de2, no de2, no de2, ,no de2) no de2,time v alueseries)

time,v alue) v alueseries) ,time) ,no de2) v alue)

Route insert(no de1, insert(no de1, delete(no de1 delete(no de1,

no de2,time) ,no de2) ,no de2,time) no de2)

Graph insert(graph insert(graph) delete(graph, delete(graph) up date(graph, up date(graph)

time) insert(graph) time) delete(graph) ,time)

sho ws a set of mo di�er op erators that can b e applied to the time aggregated

graphs. F or example, Figure 5(a) and (b) sho w a time aggregated graph b efore

and after the insert(N1,N4,3,4) op eration. this op eration inserts edge N1-N4 at

time instan t t = 3 and the edge cost is 4. W e also de�ne t w o predicates on the

time-aggregated graph.

exists at time t: This predicate c hec ks whether the en tit y exists at the start

time instan t t .

exists after time t: This predicate c hec ks whether the en tit y exists at a time

instan t after t .

T able 4 illustrates these op erators. F or example, no de v is adjacen t to no de u

at an y time t if and only if the edge ( u; v ) exists at time t as sho wn in the table.

exists(N1,N2,1) on the time aggregated graph in Figure 3 returns a "true" since

the edge N1-N2 exists at t = 1.
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Fig. 5. A Time Aggregated Graph b efore and after an Insert Op eration

T able 4. Predicate Op erators in Time-aggregated Graphs

exists at time t exists after time t

No de exists(no de u,at time t) exists(no de u,after time t)

Edge exists(no de u,no de v, exists(no de u,no de v,

at time t) after time t)

Route exists(no de u,no de v,a route r exists(no de u,no de v,a route r,

at time t) after time t)

W e list b elo w, the fundamen tal en tities in graphs, namely , Gr aph , No de , and

Edge and a series of common op erations that are asso ciated with eac h class.

public class Graph {

public void add(Object label, timestamp t);

// node with the given label is added at the time instant t.

public void addEdge(Object n1, Object n2, Object label,

timestamp t, timestamp t_time)

// an edge is added with start node n1 and end node n2 at

// time instant t and travel time, t_time.

public Object delete(Object label, timestamp t)

// removes a node at time t and returns its label.

public Object deleteEdge(Object n1, Object n2, timestamp t)

// deletes the edge from node n1 to node n2 at t.

public Object get(Object label, timestamp t)

// returns the label of the node if it exists at time t.

public Iterator get_node_Presence_Series(Object n1)

// the presence series of node n1 is returned.

public Object getEdge(Object n1, Object n2, timestamp t)



// returns the edge from node n1 to node 2 at time instant t.

public Iterator get_edge_Presence_Series(Object n1, Object n2)

// the presence series of edge from node n1 to node n2

// is returned.

public Object get_a_Successor_node(Object label, timestamp t)

// an adjacent node of the vertex is returned if an edge exists

// to this node at a time instant at or after t.

public Iterator get_all_Successor_nodes(Object label, timestamp t)

// all adjacent nodes are returned if edges exist to them

// at time instants at or after t.

public Object get_an_earliest_Successor_node(Object label,timestamp t)

// the adjacent node which is connected to the given node with

// the earliest time stamp after t is returned.

public timestamp get_node_earliest_Presence(Object n1,

timestamp t)

// the earliest time stamp after t at which the node n1

// is available is returned.

public timestamp get_node_Presence_after_t(Object n1,

timestamp t)

// Part of the presence time series of node n1 after time t

// is returned.

public timestamp get_edge_earliest_Presence(Object n1, Object n2,

timestamp t)

// the earliest time stamp after t at which the edge from

// node n1 to node n2 is available is returned.

public timestamp get_edge_Presence_after_t(Object n1, Object n2,

timestamp t)

// Part of the presence time series of edge(n1-n2) after time t

// is returned.

}

A few imp ortan t op erations asso ciated with the classes No des and Edges

are p ro vided b elo w.

public class Node {

public Node(Object label, timestamp t)



// the constructor for the class. A node with the appropriate

// label is created at the time t.

public Object label()

// returns the label associated with the node if it exists at t.

}

public class Edge {

public Edge(Object n1, Object n2, Object label,

timestamp t_inst, timestamp t)

// the constructor for the class. an edge is added with start

// node n1 and end node n2 at time instant t and

// travel time, t_time.

public Object start()

// returns the start node of the edge.

public Object end()

// returns the end node of the edge.

}

2.3 Ph ysical Data Mo del

A static graph G = ( V ; E ) can b e represen ted using an adjacency matrix. This

is a j V j � j V j matrix, A suc h that the elemen t a

ij

is de�ned as

a

ij

= w

ij

if ij 2 E and w

ij

is the w eigh t of the edge ij and

a

ij

= 0, otherwise. This represen tation requires O ( N

2

) memory . It can b e seen

that the storage required for this represen tation is indep enden t of the n um b er of

edges in the graph, in relation to the n um b er of no des. In other w ords, there is

no sa ving in memory ev en when the graphs are sparse. One represen tation that

can exploit suc h sparsit y is the adjacency list represen tation. The adjacency list

represen tation of a graph G = ( V ; E ) consists of an arra y of lists, one for eac h

v ertex v 2 V . The list corresp onding to a v ertex v con tains all v ertices that are

adjacen t to v in G . F or a directed graph, the space requiremen t for the lists is

O ( m ) where m = j E j . The total memory requiremen t is O ( n + m ) where n = j V j .

The w eigh t of eac h edge uv is stored with the v ertex v in u 's adjacency list. This

represen tation is esp ecially suitable for sparse graphs.

Time aggregated graphs can b e represen ted b y either one of the represen-

tation, with the necessary mo di�cations. These represen tations need to b e ex-

tended to include the time series represen tations on edges (corresp onding to time

dep enden t edge costs) and no des. Adjacency list represen tation is extended b y

adding a list to eac h v ertex in the adjacency list. Adjacency list represen tation

uses an arra y of p oin ters one p oin ter for eac h no de. The p oin ter for eac h no de

p oin ts to a list of immediate neigh b ors. Stored at eac h neigh b or no de are the

edge presence series and tra v el times for the edge starting from the �rst no de to

this neigh b or. Since the length of the time series is T , where T is the length of



the time p erio d, the adjacency list represen tation w ould require O (( m + n ) T ),

where n is the n um b er of no des and m is the n um b er of edges.

T o extend the adjacency matrix to represen t the time aggregated graph, a

third dimension can b e added. The new matrix A w ould b e n � n � T , requiring

O ( n

2

T ) memory .

Figure 6 (a) and (b) sho w the adjacency list and adjacency matrix represen ta-
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Fig. 6. Storage Structures for Time Aggregated Graph

tions for the time aggregated graph sho wn in Figure 3. F or example, the edge

N1-N2 in the graph at t = 1 is represen ted b y the p oin ter from N1 to N2 in the

adjacency list. The arra y (1 ; 2 ; 1 ) is stored at N2 to represen t the tra v el times

at t = 1 ; 2 ; 3 for the edge N1N2. In the adjacency matrix the presence of edge



N1N2 at a time instan t t = 1 is represen ted b y A [1 ; 2 ; 1] = 1, since the tra v el

time for the edge is 1 unit at t = 1. Since the edge is absen t at an instan t t = 3,

A [1 ; 2 ; 3] = 1 whic h indicates an in�nite edge cost at time instan t t = 3. Note

that the start no de, the end no de and the time instan t are represen ted b y the

�rst, second and the third dimension of the matrix. Though the adjacency ma-

trix has b een illustrated as three snapshots in Figure 6(b) for the sak e of clarit y ,

they are represen ted in one, three-dimensional matrix.

Logical op erations on a time-aggregated graph can b e classi�ed as

1. T op ology �rst op erators (graph dominated op erations). Examples include

get route(n1,n2) and get edge(n1,n2).

2. Time-�rst op erators (Time dominated queries).

Some examples are get Graph(time t) and get edge at t(n1,n2,t).

Both represen tations are equally capable of handling graph dominated queries.

T o compute time �rst op erations (snapshot queries suc h as to �nd the graph at

a giv en time instan t), adjacency matrix represen tation is more suitable. In this

represen tation, these queries represen t the time slices of the matrix at the giv en

time instan ts.

Graphs represen ting transp ortation net w orks are generally sparse and hence

adjacency list represen tation is more lik ely to b e storage e�cien t compared to

adjacency matrix represen tations. The c hoice is hence a tradeo� b et w een the

storage cost and the frequency of time dominated queries. W e exp ect route

queries (whic h are top ology �rst queries) to b e more frequen t and since adja-

cency list represen tation is capable of handling these, based on storage costs,

w e used adjacency lists in our implemen tations. Moreo v er, most databases use

adjacency list represen tation.

Comparison of Storage Costs with Time Expanded Net w orks:

According to the analysis in [20], the memory requiremen t for time expanded

net w ork is O ( nT ) + O (( n + m ) T ), where n is the n um b er of no des and m is

the n um b er of edges in the original graph. The framew ork of a time aggregated

graph w ould require a memory of O ( n + m ), where n is the n um b er of no des and

m is the n um b er of edges. Edges and no des with time-v arying attributes ha v e

attribute time series asso ciated with them. If the a v erage length of the time

series is � ( � T ), the memory required is O ( � m + � n ), assuming an adjacency

list represen tation. The total memory requiremen t for a time aggregated graph

is O ( n + m + � m + � n ). This comparison sho ws that the memory usage of time-

aggregated graphs is less than that of time expanded graphs if � < T .

3 Shortest P ath Computation for Time Aggregated

Graphs (SP-T A G Algorithm)

In a time dep enden t net w ork, the shortest path and its tra v ersal time are dep en-

den t on the start time at the source no de. Though it is common to apply greedy



strategies in optimization problems suc h as shortest path computation, this ap-

proac h presen ts a c hallenge in time aggregated graphs, where not all shortest

paths displa y an optimal sub-structure. Figure 7 giv es an example. F or the sak e

of simplicit y , the tra v el times are assumed to b e constan t in this example. It can
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Fig. 8. Correctness of SP-T A G Algo-

rithm

b e seen that a shortest path (N1-N3-N4-N5) from N1 to N5 for the start time

t = 1, whic h tak es 5 time units do es not displa y optimal substructure. The path

from N1 to N4 follo wing the ab o v e path is not optimal (shortest path b eing, N1-

N2-N4). Although suc h paths that do not displa y optimal sub-structure could

exist, it can b e pro v ed that there is at least one optimal path whic h satis�es the

optimal sub-structure prop ert y [8].

Lemma 1: There is at least one optimal path whic h satis�es the optimal sub-

structure prop ert y .

Pro of: As Figure 7 illustrates, a shortest path fails to displa y optimal structure

of due to a p oten tial w ait at in termediate no de ( u ), after reac hing this no de

tra v ersing the optimal path from s to u . Consider the optimal path from s to u .

App end this path to the path u � d (allo wing a w ait at the in termediate no de

u ) from the optimal path. This w ould still b e the shortest path from s to d .

Otherwise, it will con tradict the optimalit y of the original shortest path.

This result enables us to use a greedy approac h to compute the shortest path.

The algorithm, called SP-T A G uses greedy strategy to �nd the shortest path for

a �xed start time. Ev ery no de has a cost asso ciated with it whic h represen ts the

tra v el time to reac h the no de from the source no de. The algorithm pic ks the no de

with the least cost and up dates the costs of its adjacen t no des. While �nding

the adjacen t no des, eac h edge is selected at its earliest a v ailable time instan t

( g et edg e ear l iest P r esence op eration in the algorithm description). A trace of

the algorithm is giv en in table 5. The table en tries are the costs asso ciated with

eac h no de (represen ting the arriv al times at the no de) at eac h iteration. The

no de mark ed as \closed" is the no de with minim um cost selected for expansion.

The tra v el times are assumed to follo w the FIF O prop ert y .

Lemma 2: The SP-T A G algorithm is correct.

Pro of: The pro of of correctness of the algorithm whic h follo ws a greedy strategy



Algorithm 1 Shortest P ath (SP-T A G) Algorithm

Input :

1) G ( N ; E ) : a graph G with a set of nodes N

and a set of edges E ;

define type nn positive integer

Each node n 2 N has one property:

N odeP r esenceT imeS er ies : series of nn

Each edge e 2 E has two properties:

E dg e P r esence T imeS er ies ,

T r av el time ser ies : series of nn

�

u;v

( t ) - travel time of edge uv at time t .

2) s : Source node, s � N

G

;

3) d : Destination node, d � N

G

;

4) t

star t

: Start Time;

Output : Shortest Route from s to d for t

star t

Metho d :

c

s

= t

star t

; 8 v 6= s; c

v

= 1 ;

// c

u

is the cost at the node u .

insert( Q; s );

// Q is a min-heap.

while Q not empty f

u = extr act min ( Q ) ;

for each node v adjacent to u do f

t = g et edg e ear l iest P r esence ( u; v ; c

u

) ;

� = g et edg e ( u; v ; t ) ;

r el ax ( u; v ; � ) ;

insert( Q; v ) if v is relaxed;

g

update( Q );

g

g

g

Output the route from s to d .

follo ws the pro of of correctness for Dijkstra's algorithm to �nd the shortest path

from a source no de to a destination. The k ey di�erence in time aggregated graph

is that eac h edge has a presence series. SP-T A G emplo ys a greedy approac h

where it selects the earliest a v ailable time instan t as the tra v ersal time of the

edge. Since w aits are p ermitted at in termediate no des, this admissible approac h

do es not violate the optimalit y of the shortest path ev en while considering the

time-dep endence of edge presence.

T o pro v e the correctness of the algorithm, w e need to sho w that the cost of a

no de, when it is closed, is the shortest path distance to the no de. This can b e

pro v ed b y induction on the set of closed no des ( S in Figure 8). Let v b e the next

no de to b e closed. Supp ose the cost of no de v w as last up dated when no de x

w as added to S and v is adjacen t to x . When x w as added to S , a shorter path



T able 5. T race of the SP-T A G Algorithm for the Net w ork sho wn in Figure 7

Iteration N1 N2 N3 N4 N5

1 1 (closed) 1 1 1 1

2 1 2 (closed) 3 1 1

3 1 2 3 (closed) 3 1

4 1 2 3 3 (closed) 6

5 1 2 3 3 6 (closed)

to v through x w as disco v ered. Assume that the cost of v is not the shortest

path cost. This w ould b e due to the existence of a path s � � � y � � � xv as sho wn

in Figure 8. Since x w as closed b efore y , the shortest path to x is inside S b y

inductiv e h yp othesis. Therefore, the length of the path from s to v through y

cannot b e shorter that the path s � � � xv . The cost of v cannot b e further reduced

b y forming a path through no des outside S . hence, the cost of the no de when it

is closed is the shortest path distance to the no de.

Lemma 3: The time complexit y of the SP-T A G algorithm is O ( m (log T + log n ))

where T is the n um b er of time instan ts, n is the n um b er of no des and m is the

n um b er of edges in the time aggregated graph.

Pro of: The cost mo del analysis assumes an adjacency list represen tation of the

graph with t w o signi�can t mo di�cations. The edge time series is stored in the

sorted order. A ttac hed to ev ery adjacen t no de in the link ed list are the edge time

series and the tra v el time series.

F or ev ery no de extracted from the priorit y queue Q, there is one edge time series

lo ok up and a priorit y queue up date for eac h of its adjacen t no des. The time

complexit y of this step is O (log T + log n ). The asymptotic complexit y of the

algorithm w ould b e

O ( �

v 2 N

[ deg r ee ( v ) : (log T + log n )]) = O ( m (log T + log n )).

The time complexit y of the SP-T A G shortest path algorithm based on a time

expanded net w ork is O ( nT log T + mT ) [3]. Assuming a sparse graph where m

is O ( n ), nT log T < m log T . The SP-T A G algorithm is faster than the algorithm

based on time expanded graph if m log n < mT . In other w ords, the SP-T A G

algorithm is faster if log n < T .

3.1 Summary of Exp erimen tal Ev aluation:

An exp erimen tal analysis of the SP-T A G algorithm w as p erformed to compare

its run-time with an algorithm based on a time-expanded graph. Time expanded

graphs mak e copies of the original net w ork for ev ery time instan t under consider-

ation. In our exp erimen ts the follo wing w ere selected as the indep enden t param-

eters: 1) net w ork size represen ted b y the n um b er of no des; and 2)the length of

the time in terv al in terms of n um b er of time instan ts. The net w orks c hosen w ere

road maps from the Minneap olis do wn to wn area in USA with radii of .5 mile, 1

mile, 2 miles and 3miles. This w as app ended with tra v el time series of v arious

lengths. The tra v el time series w ere syn thetically generated. This data w as fed



to b oth a time expanded graph generator, whic h generates an expanded graph

enco ding of the tra v el time information. An algorithm for computing the shortest

path for a giv en start time w as run on this graph. The SP-T A G algorithm w as

run on the same dataset and the results w ere compared. The exp erimen ts w ere

conducted on a SUN Solaris w orkstation with 1.77GHz CPU, 1GB RAM and

UNIX op erating system. The exp erimen tal results rep orted are the a v erage o v er

5 exp erimen t runs with net w orks generated using the same input parameters,

but with di�eren t destination no des.

Exp erimen tal Results and Anla ysis

W e w an ted to answ er t w o questions: (1) Ho w do es the net w ork size (n um b er of

no des, n um b er of edges) a�ect the p erformance of the algorithms? (2) Ho w do es

the length of the time series a�ect the p erformance of the algorithms?

In the exp erimen t to ev aluate the e�ect of net w ork size on the p erformance of

the algorithm, w e �xed the length of the tra v el time series and v aried the net w ork

size to observ e the run times of the SP-T A G algorithm and time expanded graph

based algorithm. Figure 9 sho ws the run-time of the �xed start time algorithm
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based on the time aggregated graph and the p erformance of the algorithm based

on the time expanded graph. As can b e seen, the SP-T A G algorithm runs faster

than the time-expanded graph based algorithm in all cases; further, its run-time

seems to increase at a slo w er rate.

In the second exp erimen t, w e ev aluated ho w the n um b er of time instan ts

a�ects the p erformance of the algorithms. W e �xed the net w ork size, and v aried

the length of the time series to observ e the run-time. The n um b er of time instan ts

w as v aried and the net w ork size parameters w ere �xed. As seen in Figure 10, the

SP-T A G algorithm p erforms b etter.

Discussion: Due to the in terpla y b et w een the tra v el times and the a v ailabilit y

of the edges, the shortest path displa ys some in teresting prop erties. Consider

the time aggregated graph sho wn in Figure 11. Assume that edges are presen t



N1 N2 N3
[1,2,3,,,,T]

(1,1,1....)

[1,2,3....T]

(1,5,1,...)

Fig. 11. Illustration of E�ect of non-FIF O tra v el times

at all time instan ts. The tra v el times are time dep enden t as sho wn in the cost

time series. F or example, the tra v el time of edge N2-N3 is 5 units at t = 2 and

1 unit at t = 3. Consider a journey that starts at t = 1 at no de N1. It reac hes

no de N2 at t = 2. Since edge N2-N3 is a v ailable at t = 2 (this b eing the earliest

a v ailabilit y), the greedy algorithm w ould tra v erse the edge at t = 2 reac hing

no de N3 at t = 7, tra v el time b eing 5 time units at t = 2. If the algorithm

had made a decision to w ait at N2 un til t = 3, N3 w ould b e reac hed at t = 4.

This indicates that the tra v el times should follo w the FIF O prop ert y for the

greedy algorithm to compute the optimal path. Though the FIF O prop ert y is

satis�ed b y tra v el times in most situations, strategies can b e explored to handle

non-FIF O tra v el times also.

4 Conclusions and F uture W ork

Spatio-temp oral net w orks form a k ey part of critical applications suc h as emer-

gency planning and there is a great need for database supp ort in this area.

The pap er describ es a mo del based on time aggregation to represen t a spatio-

temp oral net w ork and prop oses an algorithm for shortest path computation.

It also de�nes a set of logical op erators on the time aggregated graphs. W e

presen t an analytical ev alution of the shortest path algorithm and storage cost

requiremen ts of the prop osed time aggregated graph. Ev aluation sho ws that the

algorithms based on time aggregated graphs signi�can tly reduce the computa-

tional cost compared to similar algorithms based on time expanded net w orks

and the mo del is less memory exp ensiv e than the existing mo dels.

W e plan to ev aluate the p erformance of the algorithms using real-tra�c datasets

shortly . W e exp ect this ev aluation to giv e new insigh ts in to the a v erage case run

time of the algorithms, whic h w e exp ect to b e signi�can tly b etter than the w orst

case complexit y . W e b eliev e that time aggregated graphs can accomo date the

time-v arying capacities of the road net w orks. The prop osed algorithms need to

b e extended to giv e optimal solutions sub ject to the constrain ts of time-v arying

capacities. This w ould extend the use of the algorithms to domains suc h as

ev acuation planning in emergency managemen t, where capacit y constrain ts in

the net w ork p ose signi�can t c hallenges. Flo w net w orks [1] ha v e b een extensiv ely

used in ev acuation planning. W e plan to use time aggregated graphs to repre-

sen t time-v ariance in 
o w net w orks. Time-v ariance p oses no v el c hallenges for


o w net w ork op erations b y in tro ducing alternativ e in terpretations of traditional

op erations. Consider a query to iden tify b ottlenec k capacit y of a transp ortation

net w ork (mo deled as a minim um cut) sho wn in Figure 12 at t w o time instan ts T



and T+1. The n um b ers asso ciated with v arious edges represen t their capacities.

A t time T, the b ottlenec k (i.e., minim um cut) of this net w ork is 2 for 
o ws start-

ing from no de S to w ards destination no de T as sho wn in Figure 12(a). A t time

T+1, the b ottlenec k c hanges to 4 as sho wn in Figure 12(b). Th us, the minim um-

cut of this time-v arian t 
o w-net w ork ma y b e a function of time. A database ma y

allo w aggregate queries o v er time-v arian t net w ork-
o w prop erties lik e min-cut.

Figure 12(c) sho ws an example of a query to �nd an a v erage among time v arian t

min-cuts with temp oral range. W e also plan to incorp orate the algorithms as

S
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(c) Query Example(b) at time T + 1(a) at time T

2

2

3

3

SELECT AVERAGE(MINCUT(node, edge(t)))
FROM node, edge
WHERE t BETWEEN T AND T+1;

33

3

3

Fig. 12. Tw o Min-cut graphs with time v arian t capacit y and a query example

building blo c ks that �nds the shortest paths in the CCRP ev acuation planner

[14]. W e will also explore other graph problems in the con text of time aggregated

graphs. W e w ould explore w a ys to include spatial attributes at no des and edges

and incorp orate necessary c hanges in the algorithms.

Spatial prop erties need to b e represen ted in the time aggregated graph, whic h

migh t add to the e�ectiv eness of the mo del and ma y lead to the form ulation of

e�cien t algorithms. F or example, the spatial lo cation of a no de can b e repre-

sen ted as a no de attribute. W e plan to explore e�ectiv e w a ys to incorp orate

spatial prop erties of no des and edges in the mo del. W e also plan to include op-

erators that handle time in terv als as parameters.
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